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1. INTRODUCTION

Particle size effects in heterogeneous catalysis
affecting the yield and selectivity are well known and
have been extensively studied in recent years [1–3]. It
was shown experimentally [4] and theoretically [5] that
essential differences in the catalytic activity exist
between an extended surface and a nanometer-sized
cluster. Bridging the materials or structure gap has
become one of the major challenges in catalysis
research [6]. Aside from strong metal–support interac-
tion in the case of small supported metal particles [7, 8],
a number of reasons for the existence of this structure
gap have been identified: (i) the complicated structure
of the surface of a nm-sized particle, which may
include several facets with different crystallographic
orientations; (ii) a relatively large fraction of edge and
corner atoms; (iii) structural changes of the catalyst
particles during the reaction; and (iv) spillover effects,
i.e., the migration of adsorbed species between a cata-
lyst particle and its support [4, 5]. In the text below, an
additional reason for apparent structure gaps in a heter-
ogeneous catalytic system will be discussed.

Reaction rate oscillations that occur during the oxi-
dation of CO over Pd catalysts have been examined in
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great detail both under UHV conditions over single
crystal surfaces [9] and at an atmospheric pressure over
supported catalysts [10–13]. Recently we reported on
the effect of the particle size on the dynamic behavior
of the oxidation of CO over zeolite supported palla-
dium catalysts [14]. Mathematical modeling demon-
strated that this effect might be related to the influence
of intrinsic fluctuations in dynamics due to the small
number of reactant molecules and surface atoms
involved in the case of very small particles in compari-
son with an extended catalytic surface [15]. With the
help of the stochastic model, it was shown that temporal
fluctuations of the concentrations of the reactants could
drastically change the reaction kinetics on small metal
particles with only several hundreds of surface atoms.
The stochastic model developed in [15] was based on a
mathematical model for CO oxidation over the Pd(110)
single crystal face that considered lateral interactions
on the surface [16]. However, it is well known that the
morphology of a nanometer-sized particle includes var-
ious single crystal planes, and the role of edges and cor-
ners is essential. The stochastic model developed here
is based on a modified model originally proposed by
Sales, Turner, and Maple (STM model) to describe the
oscillatory behavior of CO oxidation over polycrystal-
line Pt, Pd, and Ir catalysts [17]. It will be shown here
that the characteristic details of the observed effects of
the particle size on the dynamic behavior of the reaction
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—The particle size effect on the oscillatory behavior during CO oxidation over zeolite-supported Pd
catalysts is simulated with the help of a deterministic point model and a stochastic mesoscopic model. The point
model is developed on the basis of the well-known Sales–Turner–Maple model, which is modified to consider
the slow processes of oxidation and reduction of the Pd bulk as well as the effects of the bulk oxidation on the
catalyst activity. It is demonstrated that the point model developed can simulate many experimental trends, e.g.,
the dependence of the catalytic activity and the waveform of the oscillations on the particle size and the pre-
treatment of the catalyst, as well as the counterclockwise hysteresis, depending on the reaction rate during the
cyclic variation of the CO inlet concentration. The higher activity of the smaller particles can be explained by
the attainment of a more reduced state of Pd in smaller particles in the course of the reaction. The stochastic
model simulates the reaction by a Markovian chain of elementary stages of the reaction. The model variables
are the numbers of reagent atoms. Transition probabilities of the stochastic model are chosen in accordance with
the rates of the developed point model. It is shown that intrinsic fluctuations and correlations of stochastic vari-
ables can significantly change the reaction dynamics on nm-sized particles by extending the oscillatory region
in the parameter space.
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system can be reproduced by the modification of the
STM model.

2. EXPERIMENTAL METHODS
AND OBSERVATIONS

The effect of the size of the palladium crystallites on
the activity and the dynamic behavior of the catalytic
reaction have been studied under shallow bed condi-
tions in a continuous stirred tank reactor (CSTR). The
activity and the dynamic behavior of the system have
been analyzed under similar experimental conditions
for preoxidized catalysts with the same Pd loading,
equal to 0.05%, the same surface area of 15.1 cm

 

2

 

, but
with a different size of Pd particles. For catalyst A the
size of Pd particles is equal to 10 nm, while for catalyst
B the size of Pd particles is equal to 4 nm.

The reaction mixture was fed into the reactor at a
flow rate of 150 cm
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/min, corresponding to a linear flow
velocity of 1.89 cm/s. The flow rates were controlled by
thermal mass flow controllers (HI-TEC, ~1% preci-
sion). The outlet CO and 

 

CO
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 concentrations were mea-
sured by IR analyzer URAS 10E. The details of exper-
imental procedure and catalyst preparation can be
found in [14].

The catalytic activity of Pd zeolite catalysts, as well
as their dynamic behavior, greatly depends on pretreat-
ment and particle size. Figure 1 depicts the comparison
of the catalytic activity of catalysts A and B at 478 K
and a 0.5% CO inlet concentration following various
pretreatments. The dynamic behavior of catalysts A and
B are shown after they were oxidized for 12 h in flow-
ing synthetic air at 633 K (oxidized catalysts) and after
treatment with a reactant mixture containing 1% CO in
synthetic air at 478 K (reduced catalysts). Figure 1
shows that catalyst B (with 4 nm particles) displays a
much higher activity. Moreover, under the chosen
experimental conditions, oscillatory behavior can only
be observed for preoxidized catalysts, while no oscilla-
tions could be detected in the case of the reduced cata-
lyst. Catalyst A (with 10 nm particles) shows under the
same experimental conditions a contrasting behavior,
i.e., only the reduced catalyst produces oscillations,
while the reaction proceeds in a steady state over the
preoxidized catalyst. It can also be observed that there
is a much smaller difference between the activity of the
reduced and the oxidized catalyst B in comparison with
catalyst A.

At higher temperatures oscillatory behavior is
observed on both catalysts regardless of the nature of the
preliminary treatment. The main difference is that only
chaotic oscillations could be observed over catalyst B,
while in the case of the preoxidized catalyst A, regular
oscillations were found to develop in a narrow range of
CO inlet concentrations between 0.3 and 0.32 vol % at
503 K. Figure 2 shows for catalyst A sections from an
8 h time series at 503 K and a 0.3% CO inlet concentra-
tion. It can be seen how the amplitude, period, and

activity increase with time on stream, while the wave-
form slowly changes as the system spends more time in
the high activity state. Initially the preoxidized catalyst
A displayed very low activity, and it took some time for
the appearance of oscillations. The observed changes
are attributed to the establishment of a more reduced
state of the catalyst.

Figure 3 shows the dependence of the reaction rate
on the CO concentration in the reactor for both catalysts
as well as the regions and amplitudes of the reaction
rate oscillations. The effective CO concentration in the
reactor is used as the abscissa, which under appropriate
conditions can oscillate in time. Therefore, the ampli-
tudes of oscillations are shown as slanted bars, which
indicate the maximum and minimum of the oscilla-
tions. The CO inlet concentration can be derived from
the figure by adding the CO
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 concentration in the efflu-
ent (ordinate) to the effective CO concentration plotted
on the abscissa. Figure 3 demonstrates that the oscilla-
tory region for the catalyst with the smaller Pd particles
is larger and the catalytic activity higher.

On both preoxidized catalysts, unusual hysteresis
behavior was observed during the variation of the CO
inlet concentration. As shown in Fig. 4, the hysteresis in
the reaction rate is reversed compared to the usual
clockwise hysteresis observed during the CO oxidation
on Pt surfaces. This is not a “true” hysteresis, which
corresponds to a multiplicity of steady states in the non-
linear system. Its origin is rather connected with the
reduction of the preoxidized catalyst at high CO con-
centration. On the way back, the reaction rate is higher
and the region of oscillations is more extended, which
is indicative of a reduced catalyst.

Another difference between catalysts A and B can
be observed in the transient periods during which a sta-
tionary oscillatory state is established over the preoxi-
dized catalysts. A slow increase in the reaction rate with
time can be assigned to a slow reduction of the catalyst,
and the size of the Pd particles was found to be of sig-
nificant influence. The transient period is shorter in the
case of 4 nm particles compared to 10 nm particles.

3. MATHEMATICAL MODEL

 

3.1. Point Model for the Reaction
on a Catalyst Particle

 

The oxidation of CO over Pd catalysts has been
studied under normal and low pressure conditions [18,
19]. In oxygen excess, the reaction proceeds via the
Langmuir–Hinshelwood (LH) mechanism, including
the following steps:

(1a)

(1b)

(1c)

(1d)

CO M MCO,+ k1

MCO CO M,+k–1

O2 2M 2MO,+ k2

MCO MO CO2 2M,+ +k3
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where M denotes vacant sites on the metal surface and
MCO and MO, adsorbed CO molecules and oxygen
atoms, respectively.

The steady-state kinetics follows the first order in
CO partial pressure for low CO concentrations (high
activity branch) and negative order with respect to CO
partial pressure for higher CO concentrations (low
activity branch).

The first mathematical model for the simulation of
kinetic reaction rate oscillations during the CO oxida-
tion over Pt, Pd, and Ir catalysts was the STM model
[17]. Their authors assumed that a slow formation and
removal of subsurface oxygen is responsible for the
switching of the reaction between the two branches of

the LH mechanism [20]. To consider the processes of
the oxidation and reduction of the catalyst surface, the
following steps were added to the reaction mechanism:

(1e)

(1f)

Here 

 

M

 

v

 

O

 

 and 

 

M

 

v

 

 

 

indicate sites occupied by oxygen
atoms and free sites in the subsurface layer.

The experimental results presented in Section 2
show that the dynamic behavior and the properties of
the experimentally observed oscillations depend
greatly on the pretreatment of the catalyst and on the
degree of oxidation of Pd particles embedded into the

MO Mv MvO M,+ +k4

MvO MCO Mv M.+ +k5
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Fig. 1.

 

 Comparison of the catalytic activity of catalysts with (a) 4- and (b) 10-nm Pd particles at 478 K and a 0.5% CO inlet con-
centration following various pretreatment conditions. (
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) Reduced and (

 

2

 

) oxidised catalyst.
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zeolite matrix. Recently much experimental evidence
was reported concerning the interaction of oxygen with
Pd(110) [21] and Pd(111) [22–24] single crystal sur-
faces and the formation of subsurface oxygen and sur-
face oxide. However, the interaction of oxygen with
polycrystalline Pd surfaces, as well as the formation of
subsurface and bulk oxide, is still a controversially dis-
cussed topic. Meusel 

 

et al.

 

 [25] demonstrated that on
small Pd particles of 5–6 nm the formation of subsur-
face and bulk oxygen is a highly efficient process,
which has to be taken into account in kinetic studies.

Therefore, the STM model will be modified to con-
sider the formation of not only the subsurface oxygen
but also processes of oxidation and reduction of the
bulk of the Pd particle. The additional variable 

 

w

 

,
denoting the degree of the Pd bulk oxidation will be
introduced in the model. It may be related with the con-
centration of the bulk Pd oxide; however, at this stage
of mathematical modeling, we are not going to consider
the details of the process of Pd oxidation. A mathemat-
ical model will be developed based on the following
assumptions: (i) subsurface oxygen and bulk oxide
have no effect on CO adsorption and desorption; (ii)
both subsurface and bulk oxygen prevent O

 

2

 

 adsorp-
tion; i.e., O

 

2

 

 can adsorb only on a pair of neighboring
free Pd surface sites with no bulk oxide and subsurface
oxygen underneath; (iii) the surface reaction between
chemisorbed CO and O can occur only over nonoxi-
dized Pd; (iv) the limiting oxygen capacity of the sub-
surface layer is assumed to be 1 – 

 

w

 

; (v) the subsurface

oxygen does not diffuse back to the surface but reacts
directly with the surface CO.

Thus, if the fraction of the bulk oxide is equal to 

 

w

 

,
the variation of the surface coverage with CO (

 

x

 

), the
surface coverage with O (

 

y

 

), and the concentration of
the subsurface oxygen M

 

v

 

O (

 

z

 

) can be described by the
system of equations

 

(2)

 

The variables have a physical meaning as long as all of
them are nonnegative and 

 

x

 

 + 

 

y

 

, 

 

z 

 

≤

 

 1

 

.

Analysis of the experimental data obtained demon-
strates that the activity of the preliminary oxidized cat-
alyst gradually increases with time due to the slow
reduction of the Pd particles. This process depends on
the size of a Pd particle and the partial pressures of CO
and O

 

2

 

.

The processes of the Pd bulk oxidation and reduc-
tion are very complex and intrinsic details of these pro-
cesses has not yet been clarified. Therefore, in this
study to simulate the long-term evolution of the degree

ẋ PCOk1 1 x– y–( ) k 1– x– k3 1 w–( )2xy– k5xz,–=

ẏ PO2
k2 1 x– y–( )2 1 w– z–( )2=

– k3 1 w–( )2xy k4y 1 w– z–( ),–

ż k4y 1 w– z–( ) k5xz.–=
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Fig. 2.

 

 Evolution of regular oscillations in the case of catalyst A with time on stream at 503 K and 0.3% CO inlet concentration.
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of bulk Pd oxidation we propose a simple heuristic
model expressed by the linear equation:

(3)

This equation assumes that, on a long time scale
(compared with the short time scale of reaction rate
oscillation), the rate of oxidation is proportional to the
oxygen pressure  and the rate of reduction is pro-
portional to the CO partial pressure and to the factor s =
Ns/N, which denotes the ratio of the number of surface
atoms to the total number of atoms in the particle. (The
latter is due to the negligible CO diffusion into the bulk
of Pd.)

ẇ PO2
k6 1 w–( ) k 6– PCOsw.–=

PO2

It follows from (3) that, in the course of time, w(t)
monotonously approaches the steady state  defined
by the equation

(4)

where p = PCO/  and δ = k–6/k6.

The slow variable w enters the system (2) as a
parameter. This makes it possible to study the dynami-
cal behavior of the system as the function of the degree
of Pd oxidation.

Parameter s, which was introduced in Eq. (3), allows
us to simulate the particle size effect on the dynamic
properties of the system. To evaluate the value of s, a
small metal particle with an fcc crystal structure was
considered. Since a definite shape of the particle is
required for the calculation of s, we have chosen the
ideal octahedron for the sake of simplicity. The calcula-
tions of s were carried out for a lattice constant of Pd
crystal of 0.39 nm, depending on the diameter of the
octahedron. The results are summarized in the table.

w
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1 pδs+
------------------,=
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Fig. 3. Reaction rate as a function of CO concentration in
the reactor for catalysts A and B at 503 K. The region of
kinetic oscillations is indicated by slanted lines, which rep-
resent the amplitudes of the oscillations.

Fig. 4. Counterclockwise hysteresis observed for catalyst B
at 503 K during the variation of inlet CO concentration in
the feed: (stars) increasing CO concentration, (diamonds)
subsequent decrease of the CO concentration.

Ratio s of the number of surface atoms to the total number of atoms depending on the diameter d of an octahedral crystal and

the fraction of the bulk oxide in the steady state 

Particle size,
nm

Nd, number of atoms
on the diameter

of the octahedron

Nb, total number of at-
oms in the octahedron

Ns, number of surface
atoms in the octahedron s = Ns/N  at p = 0.03

and δ = 450

4 11 891 402 0.451 0.141

10 25 10 425 2306 0.221 0.251

20 51 88 451 10002 0.113 0.396

w

w
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3.2. Certain Qualitative Features of the Point Model 
Compared with Experimental Data

The chaotic nature of the oscillatory behavior pre-
sented in Section 2 and identified in [26] is apparently
the result of interaction between many Pd particles via
the diffusion of reagents in the pores of zeolite support
that cannot be reproduced by our point model, describ-
ing the process only on a single Pd particle. In addition,
as will be shown below, statistical fluctuations play an
important role in the reaction dynamics on the surface
of nanometer-sized particles. Therefore, at this stage of
mathematical modeling, our goal is to simulate only
qualitatively the main features of experimental observa-
tions. The values of parameters were taken from the sin-
gle crystal data [16] and fitted to simulate the reaction
rate and the periods of oscillations. The following set of
rate constants was used in mathematical modeling:

k1 = 300 s–1, k–1 = 100 s–1,

k2 = 100 Torr–1 s–1, k3 = 4000 s–1, (5)

k4 = 0.02 s–1, k5 = 0.019 s–1.

The characteristic features of oscillations simulated
by model (2), (3) with these parameter values are sum-
marized as follows.

1. The region of oscillations. Figure 5 shows the
oscillatory region of system (2) in the plane ( ,
w) obtained with the values of parameters (5). At the
border of the region, the oscillations appear via the
Andronov–Hopf bifurcation. One can see that with
increasing p the oscillations first appear on the oxidized
particles at w = 0.4 and are absent on the fully reduced
catalyst particle. This is in agreement with the experi-
mental observation that at 503 K the catalyst had to be

p( )log

oxidized first in order to obtain reaction rate oscillations.
With a further increase in p, the oscillatory region
becomes wider and shifts toward the smaller values of w.

Figure 5 also shows the lines (p) of the steady-
state value of w depending on p for three particle sizes.
The intersection of the line (p) with the shaded region
of oscillations indicates the interval of p where the limit
cycle solution exists in system (2) for a given particle
size. It can be seen from Fig. 5 that oscillatory behavior
for 4 nm occurs for a more reduced state of Pd com-
pared to 10 nm particles. This fact is in qualitative
agreement with experimental data.

2. Dependence of the properties of reaction rate
oscillations on the pretreatment of the catalyst and
the degree of catalyst oxidization. One of the com-
mon properties of oscillations observed over zeolite-
supported Pd catalysts for all sizes of particles is the
dependence of the catalytic activity and the waveform
of the oscillations on the degree of catalyst oxidation. It
was found that in the oscillatory regime the average
reaction rate is higher on the more reduced catalyst and
the waveform changes from a “spike-up” to a “spike-
down” shape during the reduction of the catalyst. Anal-
ogous behavior can be simulated by model (2). Figure
6 demonstrates the variation of the oscillations simu-
lated with model (2) for  = 3 Torr (log(p) ≈ –1.5)
for various values of the fraction of the bulk oxide w. It
can be seen that the reduction of the catalyst, which cor-
responds to a decrease in w, leads to an increase in the
average reaction rate and the transformation of the
waveform of the reaction rate oscillations from spike-
up to spike-down. An increase in the average reaction
rate occurs due to an increase in the rate of step (1d)
with decreasing w. The waveform of the oscillations is
determined by the duration of the processes of filling
and depleting the subsurface layer by oxygen. During
the first process, the reaction rate is high, and it is low
during the second process. The capacity of the subsur-
face layer is equal to 1 – w in model (2). Therefore, the
smaller w, the greater the capacity of the subsurface
layer. More time is needed to fill the subsurface layer
with oxygen and as a consequence the system remains
in the state of high activity for a longer time.

3. Transient processes. Following the admission of
the reactants to the preoxidized catalyst, a transient
period of time has been observed during which the
reaction rate increased slowly without oscillations and
only after some time did the oscillations appear. The
characteristics of oscillations (waveform and period)
slowly changed in time. The time until oscillations
appeared was found to be shorter for 4 nm particles
compared to 10 nm particles. Analogous behavior can
be simulated by model (2), (3). Figure 7 shows the
graphs of the reaction rate obtained via simultaneously
solving Eqs. (2) and (3) with the initial condition w = 1
for 4-nm (Fig. 7a) and 10-nm (Fig. 7b) particles. The
values of the parameters of the model were such as

w
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0
–1.7 –1.6 –1.5 –1.4 –1.2–1.3 –1.1

1

2

3

logp

w

Fig. 5. The region of oscillations produced by model (5)
with the values of parameters given in the text. The border
of the oscillatory region is the line of Andronov–Hopf bifur-
cation. The lines w = (p) defined by formula (4) denote
the dependence of the concentration of the bulk oxygen on
the ratio of partial pressures for (1) 4, (2) 10, and (3) 20 nm-
sized particles.

w
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determined above, and k6 = 10–3 s–1. The value of the
parameter s for a 4-nm particle is about two times larger
than for a 10-nm particle. Hence, the rate of the reduc-
tion of a 4-nm particle is also two times higher in com-
parison with a 10-nm particle. As a consequence, the
time until the onset of the oscillations is twice as long
for a 10-nm particle compared to a 4-nm particle pro-
vided the partial pressures of the reactants are the same.
Figures 7a and 7b confirm this conclusion. The trans-
formation of the waveform from spike-up to spike-
down and the growth of the period of oscillations with
time in the case of a 10-nm particle is also in qualitative
agreement with experimental data. Regular oscillations
were not observed on the catalyst with 4-nm particles;
hence, Fig. 7a could not be compared with experimen-
tal data. Figure 7c depicts a possible transient regime at
PCO = 2.75 Torr (  = –1.56) for a 10-nm particle
when the steady state  lies below the oscillatory
region (see Fig. 5). During the reduction process, the
value of w passes through the oscillatory region and
reaches its steady state , where the reaction proceeds
in a steady stationary state.

4. Simulations of counterclockwise hysteresis. The
results of numerical simulation demonstrate that model (2),
(3) can reproduce the counterclockwise hysteresis
observed during the change of CO inlet concentration

plog
w

w

due to the variation of the concentration of the bulk
oxide. The example of such hysteresis behavior is
shown in Fig. 8 for the catalyst containing 4-nm parti-
cles (s = 0.451). The calculations were carried out with
a rate of CO partial pressure change equal to 10–4 Torr/s
and the values for the constants for bulk oxidation and
reduction k6 = 10–7 s–1 and k–6 = 4.5 × 10–5 s–1 (δ = 450),
respectively. The reaction began on the preoxidized cat-
alyst with the initial condition for w = 1. Figure 8 shows
that an increase in PCO leads to a decrease in the con-
centration of the bulk oxide. On the way back, the con-
centration of the bulk oxide is lower and, in agreement
with experimental data, the activity of the catalyst
increases and the region of oscillations is more
extended. However, this is not a “true” hysteresis, since
for the chosen parameters there is only one steady state
in model (2) and the observed apparent hysteresis only
appears due to the fact that the slow relaxation of the
bulk oxidation does not follow the comparatively fast
variation of the CO partial pressure.

3.3. Stochastic Model of the Reaction
on a Catalyst Particle

If one supposes that the number of CO and O
adsorption centers on the particle surface is equal to the
number of surface atoms, this number varies from Ns =
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Fig. 6. Time series of the reaction rate obtained from the limit-cycle solution of system (2) for three values of w at PCO = 3 Torr,

 = 100 Torr, and k2 = 100 (Torr s)–1. Dotted line in each panel shows the average reaction rate.PO2



190

KINETICS AND CATALYSIS      Vol. 44      No. 2      2003

JAEGER et al.

400 to 10000 while the particle size grows from 4 to
20 nm (table). In the course of the reaction proceeding
in the oscillatory regime, the number of adsorbed atoms
of each species NCO and NO, and the number of subsur-
face oxygen atoms NO*, can vary in the range between
0 and Ns. At any moment of time, these numbers can be
regarded as a set of random values with the unknown
probability distribution P(NCO, NO, NO*; t). In this case,
Eqs. (2) may be considered as equations for averaged
values NCO, NO, and NO* divided by Ns. However, these
equations can be accurate only in the thermodynamic
limit when Ns  ∞. At finite and not too large values
of Ns, statistical fluctuations of random numbers of
atoms can play a significant role and Eqs. (2) may
become incorrect. In order to take into account a finite
number of atoms participating in the reaction and their
statistical fluctuations as well as their mutual correla-
tions, the following Markovian model is proposed.

The model has three discrete variables NCO, NO, and
NO* that can take nonnegative integer values in the
range [0, Ns], and NCO + NO ≤ Ns, NO* ≤ (1 – w)Ns. The
elementary steps in the reaction scheme correspond to
the acceptable transitions in the Markovian model:

CO adsorption: NCO  NCO + 1,

CO desorption: NCO  NCO – 1,

O2 adsorption: NO  NO + 2,

CO + O reaction: (NCO, NO)  (NCO – 1, NO – 1),

O  O* transition: (NO, NO*)  (NO – 1, NO* + 1),

CO + O* reaction: (NCO, NO*)  (NCO – 1, NO* – 1).

CO oxidation on the catalyst particle is simulated as
a random sequence of acceptable transitions under
standard conditions, which implies that multiple transi-
tions are forbidden; any transition can occur at an arbi-
trary moment of time (Markovian model with continu-
ous time) and is instantaneous. Each transition has its
own probability that depends only on the current state
of the model (Markovian property).

Instead of transition probability for each event, we
define the transition probability per unit time, or the
transition rate ν, and then the probability of transition
during the time interval ∆t will be equal to ν∆t. For
compatibility with model (2), the transition rates are
defined as follows:

(6)

ν1 N( ) k1PCO Ns NCO NO––( ),=

ν 1– N( ) k 1– NCO,=

ν2 N( ) k2PO2
1 w–

NO*

Ns
---------– 

  2 1
Ns
------=

× Ns NCO NO––( ) Ns NCO NO 1+( )––( ),
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Fig. 7. Time series of the reaction rate R (solid line, left scale) and concentration of the bulk oxide w (dotted line, right scale)
obtained by solving the system of equations (2), (3) starting with the initial value of w = 1: (a) 4-nm particle, PCO = 4 Torr; (b) 10-nm
particle, PCO = 3 Torr; (c) 10-nm particle, PCO = 2.75 Torr.
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where N is the triple {NCO, NO, NO*}, which defines the
current state of the model.

Under the conditions described, the time evolution
of the state probability distribution P(N; t) will be ruled
by the master equation

(7)

where N(i) denotes the state from which the state N can
be reached via one ith transition. Equation (7) is in fact
a large system the dimension of which is equal to the
number of all different states of the Markovian model.
Although this system could be solved numerically, we
will not do this here but instead generate the trajectories
of the Markovian process with the help of the Monte
Carlo algorithm. Note that with the standard averaging
technique the evolution equations for the average val-
ues of the model variables can be derived from Eq. (7).
For example, the equations for x(t) = 〈NCO/Ns〉  have the
form

where the angular brackets 〈a〉 denote the mathematical
expectation of a random value a. Thus, one can see that
the equations for the average values of the Markovian
model consist of all the terms of the deterministic equa-
tions (2) and additional correlation terms. In the limit
Ns  ∞ the correlation terms are assumed to vanish,
but at finite Ns they can play an essential role in the
dynamics of the system.

The trajectories of the Markovian process governed
by Eq. (7) are generated with the help of one of the
Monte Carlo algorithms with continuous time
described in [27]. Let t' be the time moment of sequen-
tial change in the state of the system. The next time
t '' = t ' + ∆t of the state change is determined as follows.
The interval ∆t between two successive events (the
expectation time) is considered to be a random number
with the Poisson distribution ν(t ')exp(–ν(t ')τ), where

ν3 N( ) k3 1 w–( )2 NCONO

Ns
-----------------,=

ν4 N( ) k4 1 w–
NO*

Ns
---------– 

  NO,=

ν5 N( ) k5

NCONO*

Ns
-------------------,=

dP N; t( )
dt

---------------------- ν i N( )P N; t( )
i 1–=

5

∑–=

+ ν i N i( )( )P N i( ); t( ),
i 1–=

5

∑

ẋ k1PCO 1 x– y–( ) k 1– x– k3 1 w–( )2xy– k5xz–=

–
1

Ns
2

------ k3 1 w–( )2 NCO NCO〈 〉–( ) NO NO〈 〉–( )〈 〉[

– k5 NCO NCO〈 〉–( ) NO* NO*〈 〉–( )〈 〉 ] ,

ν(t ') = ν1(t ') + ν–1(t ') + ν2(t ') + ν3(t ') + ν4(t ') + ν–4(t ') is
calculated for the state held in the system between t '
and t ''. Therefore, ∆t is defined by the formula

(8)

where ξtime is the random number uniformly distributed
in the interval (0, 1). The event, which occurs at time t '',
is determined with the help of the other random number
ξevent uniformly distributed in the interval (0, ν(t')). If
ξevent < ν1(t '), then CO adsorption has to occur; if
ν1(t ') ≤ ξevent < ν1(t ') + ν–1(t '), then CO desorption has to
occur, and so on.

3.4. Results of Stochastic Simulations

In this section we present the results of the simula-
tion of the reaction on 4-, 10-, and 20-nm particles car-
ried out with the help of the stochastic model. The set
of parameter values defined for point model (2) was
used in the simulations. In addition, it was supposed
that w =  and slow processes of oxidation and reduc-
tion of Pd particle were excluded from the simulation.
The results are presented in the form of time series of
the reaction rate per one surface site. More exactly,
each reading of the reaction rate time series is R(tk) =

, where ∆t = tk – tk – 1 = 0.1 s, r3, k and r5, k are

the numbers of elementary events of reaction CO + O
and CO + O*, which happen during the time ∆t, respec-
tively. In the subsequent discussion, the distinctive fea-
tures of the oscillations in the stochastic model will be
presented for particles of different sizes.

∆t
ξ time( )ln

ν t'( )
--------------------,–=

w

r3 k, r5 k,+
Ns∆t
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Fig. 8. The dependence of the reaction rate (a) and concen-
tration of the bulk oxide (b) on CO pressure PCO, obtained
from the solution of the system (2), (3) for a 4-nm particle.
PCO was changing from 0 to 5 Torr and back with the con-
stant rate equal to 0.001 Torr/s. Dotted lines depict the oscil-
latory region.
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4-nm particle. The oscillations are observed in the
interval 2.00 ≤ PCO ≤ 6.00 Torr, while in the point model
the interval of oscillations is 3.37 ≤ PCO ≤ 5.41 Torr. At
low PCO, oscillations look like fast and sharp falling
spikes in the reaction rate that occur at random
moments of time (see Fig. 9). At those moments the
reaction rate decreases by about one order of magni-
tude, i.e., the deviations could not be regarded as statis-

tical fluctuations. With increasing PCO, the spikes grad-
ually become wider. At high PCO the reaction proceeds
mostly with a low rate interrupted by large random
bursts. The oscillations look like a sequence of transi-
tions between two basic states in the phase space of the
model, which happen at random moments of time. At
all values of PCO where oscillations exist, they are
highly aperiodic and this fact might be a reason why
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Fig. 9. Time series of the reaction rate produced by the stochastic model at different values of PCO (Torr) in the case of a 4-nm particle.
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regular oscillations have not been observed on catalysts
containing 4-nm particles.

10-nm particle. Oscillations are observed in the inter-
val of about 2.50 ≤ PCO ≤ 5.00 Torr, while in the point
model the oscillatory region is 2.76 ≤ PCO ≤ 4.73 Torr.

This CO pressure interval is slightly shorter than in the
case of the 4-nm particle. The shrinking of the interval
of the CO pressure where oscillations occur is in agree-
ment with the experimental data. While the pressure
PCO increases through the oscillatory region, the shape
of the oscillation changes similarly to the previous case
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Fig. 10. Time series of the reaction rate produced by the stochastic model for different values of PCO (Torr) for the case of a 10-nm
particle. The dotted line in the panel for PCO = 3.5 shows the values of the reaction rate produced by the deterministic model under
the same conditions.
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Fig. 12. 3D images of phase trajectories produced by the stochastic model and nullcline S: x = y = 0 of the deterministic model (2).
The small white square indicates the position of the stationary solution of the model (2). (a) 10 nm, PCO = 2.5 Torr; (b) 10 nm, PCO =
3.5 Torr. The thin solid line represents the limit cycle generated by model (4); (c) 10 nm, PCO = 5 Torr; (d) 20 nm, PCO = 3 Torr.
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of the 4-nm particle, but the oscillations reveal a more
regular character and their amplitude is smaller (see
Fig. 10). Such oscillations on separated particles could
probably be synchronized via the gas phase diffusion
yielding regular oscillations of the global reaction rate.
For comparison purposes, the reaction rate oscillations
obtained from the point model for PCO = 3.5 Torr are
shown as a dotted line in Fig. 10. It can be seen that the
stochastic and the deterministic oscillations have simi-
lar forms, but the former have a shorter (average) period
than the latter. During the time interval presented there
are about 20 stochastic cycles and about 16 determinis-
tic cycles.

20-nm particle. The phase diagram in Fig. 5 shows
that there are no self-sustained oscillations in the point
model for 20-nm particle. However, it can be expected
that, in the stochastic model, oscillations would be pos-
sible for those values of PCO where the curve (p)
passes through the vicinity of the border of the oscilla-
tory region. Figure 11 confirms this expectation.
Indeed, in the case of PCO = 3 Torr, stochastic oscilla-
tions can be observed near the oscillatory region. These
oscillations have the form of occasional short bursts.
During such a burst, the reaction rate increases by a fac-
tor of 2.

Figure 12 clarifies the mechanism of stochastic
oscillations. It depicts 3D images of the phase trajec-
tory of the stochastic model together with the line of
slow motion S: (  = 0,  = 0) of the system (2) (thick
solid line) and the stationary solution of system (2)
shown in the figure by the small white square lying in
the line S. The line S is, in essence, the line of the sta-
tionary states of the LH reaction depending on the
parameter z. The part of S lying between the extremes
is unstable (repelling) and the two outer branches are
stable (attracting). In Fig. 12, the left attractive branch
of S is the high activity branch, while the right one is the
low-activity branch. Black points, which indicate the
position of the current state of the stochastic model,
cloud mostly around the attractive branches of S.

Figures 12a–12c are related to a 10-nm particle. In
the case of PCO = 2.5 Torr (Fig. 12a), the stationary
solution to system (2) lies on the high-activity branch of
S, and system (2) has no limit cycle solutions. However,
the state of the stochastic model cannot stay in the
vicinity of the stationary solution of the deterministic
model all the time. Statistical fluctuations may occa-
sionally move it into the domain of attraction of the
low-activity branch and, to go back, the phase point has
to go a long way to the opposite branch of S, passing
along this branch in the direction of the extreme and
falling back to the first branch. The high-activity branch
containing the stationary solution to system (2) is more
attractive than the opposite branch; hence, the phase
point of the stochastic model spends more time near the
high activity branch, and the oscillations have a spike-
down shape.

w

ẋ ẏ

In the case of PCO = 3.5 Torr (Fig. 12b), system (2)
has a limit cycle solution shown by the thin solid line.
However, due to the presence of fluctuations, the phase
point of the stochastic model does not follow exactly
the deterministic trajectory and can leave the limit cycle
before its breakdown point. Therefore, the average
period of stochastic oscillations is shorter than the
period of the limit cycle in the deterministic model.

In the case of PCO = 5 Torr, the stationary solution to
system (2) lies on the low-activity branch of S, and as
in the case shown in Fig. 12a, system (2) has no limit
cycle solutions. Now the phase point of the stochastic
model spends more time near the low-activity branch,
and because this branch is more stable than the high
activity one, the oscillation has a spike-up form with a
long average period.

Fig. 12d illustrates the oscillations in the stochastic
model of the reaction on a 20-nm particle at PCO = 3 Torr.
Here the stationary solution to (2) lies on the low-activ-
ity branch of S and sufficiently close to one of its
extremes. In such a situation, the fluctuations are able
to throw the phase state of the stochastic model to the
other branch of S.

4. DISCUSSION AND CONCLUSIONS

This paper presents two models designed to simu-
late the particle size effect that has been observed dur-
ing the study of the dynamic behavior of CO oxidation
over zeolite-supported Pd catalysts. One of the most
interesting problems was to understand the possible
reason for the experimental observation that catalyst B
with 4-nm particles produced only chaotic oscillations,
while catalyst A with 10-nm Pd particles can generate
regular oscillations under appropriate experimental
conditions. In Section 3.1 a new point deterministic
model was developed to simulate the reaction rate
oscillations observed during the CO oxidation depend-
ing on the size of Pd particles. Many experimental
trends could be modeled successfully, e.g., the depen-
dence of the catalytic activity and the waveform of
oscillations on the particle size and the pretreatment of
the catalyst, as well as the counterclockwise hysteresis
in the dependence of the reaction rate during the cyclic
variation of the CO inlet concentration. The higher
activity of the smaller particles can be explained by the
attainment of a more reduced state of the Pd in smaller
particles in the course of the reaction. Such a situation
occurs because the process of the bulk reduction of Pd
was assumed to be proportional to the parameter s,
which indicates the ratio of the number of surface
atoms to the total number of atoms in the particle. In
this case, the smaller particles reach a less oxidized
state during the reaction, resulting in a higher activity.

The stochastic model developed in this work reveals
a significant role of internal fluctuations during hetero-
geneous catalytic reactions on nanometer-sized sup-
ported metal particles. The results of simulations with
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the stochastic model shown in Figs. 9–11 demonstrate
the large difference in the oscillatory behavior of the
reaction rate for particles of various sizes. For the same
parameters and experimental conditions, the region of
oscillations for 4-nm particles is much larger than for
20-nm particles due to the much larger effect of internal
fluctuations on the small particles. The comparison of
oscillations for 4- and 10-nm particles demonstrates
that 4-nm particles produce more complex and irregular
oscillations in a larger region of CO partial pressures
compared to 10-nm particles in accordance with exper-
imental data. The cause of the drastic increase in the
oscillatory region for the catalyst with the smallest par-
ticles is associated with the presence of noise-induced
oscillations, i.e., oscillations that can be produced only
by the stochastic model and that are absent in the deter-
ministic limit.

Only recently has attention been paid to the possibil-
ities of noise-induced oscillations in heterogeneous cat-
alytic systems [28–30]. The role of the external noise
has been analyzed by Hou et al. [28, 29]. The models
that were developed for the simulation of kinetic oscil-
lations in the NO + CO reaction over Pt(100) [28] and
CO + O2 reaction [29] were subjected to external para-
metric noise. It was demonstrated that, in both reac-
tions, noise-induced oscillations in the absence of
deterministic oscillations could arise near the supercrit-
ical Andronov–Hopf bifurcation.

The role of internal fluctuations in the dynamic
behavior of CO oxidation over low-index single crystal
surfaces has recently been studied by Reichert et al.
[30]. The stochastic model was developed for CO oxi-
dation on low-index platinum single crystal surfaces. It
was demonstrated that internal fluctuations became
essential only for very small surface cells, such as field
emitter tips with a 20 × 200 Å area. For larger single
crystal surfaces, the internal fluctuations are averaged
out and do not affect the dynamic behavior of the sys-
tem. The present study demonstrates that noise-induced
oscillations can arise in the case of particle sizes of
20 nm and smaller.

A similar problem, i.e., how the oscillations can be
modified with a decrease in the active catalyst surface,
was analyzed by Zhdanov [31]. The author carried out
Monte Carlo analysis of the microlevel model, based on
an STM oscillatory mechanism, varying the lattice size
from 50 × 50 to 3 × 3. It was demonstrated that more or
less regular oscillations can be observed down to 15 ×
15. The conclusion was drawn that in principle one can
employ the mean-field approximation even for a very
small (~5 nm) catalyst particle. However, the analysis
of mesoscopic level model (7) based on the modified
STM model to simulate, in particular, the particle size
effect demonstrates that the problem may arise even for
larger particles.

The particle size effect is usually explained by the
presence of such factors as reactant supply via the sup-
port, particle–support interaction or variation of the cat-

alytic activity of the particle with its size due to adsor-
bate-induced reshaping [32–34]. The present study,
together with our previous paper [15], suggests another
origin of the particle size effect, namely the presence of
internal fluctuations and the variation of the degree of
oxidation of a noble metal particle during the reaction.
While the second cause can be recognized during the
study of the steady-state behavior, the particle size effect
due to the presence of internal fluctuations can only be
identified during the study of oscillatory behavior.

Finally, we note that the stochastic model developed
in this paper is only able to simulate the oscillatory
behavior on one catalyst particle. The mathematical
modeling of the collective behavior of an array consist-
ing of many such particles will be the subject of future
work.
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